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Abstract. We shall show that the stable categories of graded Cohen-Macaulay modules over quotient 
singularities have tilting objects. In particular, these categories are triangle equivalent to derived cat- 
egories of finite dimensional algebras. Our method is based on higher dimensional Auslander-Reiten 
' theory, which gives cluster tilting objects in the stable categories of (ungraded) Cohen-Macaulay mod- 
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The aim of this paper is to discuss tilting theoretic aspects of representation theory of Cohen-Macaulay 
rings. Tilting theory is a generalization of Morita theory, and it has been fundamental in representation 
theory of associative algebras. While Morita theory realizes abelian categories as module categories 
over rings, tilting theory realizes triangulated categories as derived categories over rings. The key role 
is played by tilting objects in triangulated categories (Definition II. ip . and the tilting theorem due to 
Happel, Rickard and Keller asserts that an algebraic triangulated category having a tilting object is 
triangle equivalent to a derived category of a ring (Theorem 11.21) . 

In 1970s Auslander and Reitcn initiated the representation theory of Cohen-Macaulay modules over 
orders, which generalize both finite dimensional algebras and commutative rings. The theory is based 
on the fundamental notions of almost split sequences, Auslander-Reiten duality and Auslander algebras, 
and has been developed by a number of commutative and non-commutative algebraists (see the books 
[ARSI lASSi ICRli ICR21 |Y]). One of the finest situations is given by Kleinian singularities R: Auslander 
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and Herzog showed that R is representation-finite (i.e. R has only finitely many isomorphism classes of 
indecomposable Cohen-Macaulay modules), and that the Auslander-Reiten quiver of R coincides with 
the McKay quiver of the corresponding group (algebraic McKay correspondence). 

Recently not only representation theorists [Ar[ ILP| but also people working on Kontsevich's homo- 
logical mirror symmetry conjecture |KST11 IKST21 ITl |U] have studied the stable categories of graded 
Cohen-Macaulay modules over Gorenstein singularities, especially hypersurface singularities of dimen- 
sion two. They proved that for certain singularities the stable categories contain tilting objects, and in 
particular that they are triangle equivalent to derived categories of some finite dimensional algebras. 

Now it is natural to ask the following: 

Question 0.1. Let R be a graded Gorenstein ring. When does the stable category of graded Cohen- 
Macaulay R-modules contain a tilting object? 

The aim of this paper is to show the existence of tilting objects for quotient singularities of arbitrary 
dimension (Theorem 1 1.71) . Our method is to apply cluster tilting theory to show that a certain naturally 
constructed object U is tilting. Cluster tilting theory is one of the most active areas in recent repre- 
sentation theory which is closely related to the notion of Fomin-Zelevinsky cluster algebras. It has an 
aspect of higher dimensional analogue of Auslander-Reiten theory, which is based on the notion of higher 
almost split sequences and higher Auslander algebras. It has introduced a quite new perspective in the 
representation theory of Cohen-Macaulay modules [BIKRI iDHl iKRll [KR2l IKMVI IITI Il2l llRl IIYl HWl ITV] . 
A typical example is given by quotient singularities of arbitrary dimension d. They have {d — l)-cluster 
tilting subcategories of the stable categories of Cohen-Macaulay modules (Theorem 14. 2p . In particular 
this means in the case d = 2 that Kleinian singularities are representation-finite. For quotient singulari- 
ties, the skew group algebras are higher Auslander algebras, and the Koszul complexes are higher almost 
split sequences. They will play a crucial role in the proof of our main theorem. 

The following is a picture we have in mind: 





generator 


finite dimensional algebra 


commutative ring 


Tilting theory 


tilting object 


derived category 


CW(R) 


Cluster tilting theory 


cluster tilting object 


cluster category 


CM(R) 



This suggests studying the connection between cluster categories and stable categories of (ungraded) 
Cohen-Macaulay modules. This will be done in jAIRJ for cyclic quotient singularities. 

The authors make this paper as self-contained as possible for the reader who is not an expert. In 
particular, we give detailed proofs for many important 'folklore' results, such as graded Auslander-Reiten 
duality (Theorem 12. 2p . the description of Endfl;(S') as a skew group ring (Theorem 13. 2p and the tilting 
theorem for algebraic triangulated categories (Theorem II. 2p . 

We refer to [ARSi lASS) for general background materials in non-commutative algebras, and to [BHl 
IMai lY] for ones in commutative algebras. 

Conventions All modules in this paper are left modules. The composition fg of morphisms (respectively, 
arrows) means first g next /. For a Noetherian ring R, we denote by mod(i?) the category of finitely 
generated i?-modules, and by proj(i?) the category of finitely generated projective i?- modules. If moreover 
i? is a Z-graded ring, we denote by mod^(i?) the category of finitely generated Z-graded i?- modules. 

For an additive category A and a set M of objects in A, we denote by addM the full subcategory of 
A consisting of modules which are isomorphic to direct summands of finite direct sums of objects in M. 
For a single object M € A, we simply write addM instead of add{M}. When A is the category mod(i?) 
(respectively, mod^(i?)), we often denote addM by add^M (respectively, add^M). 

Acknowledgements The authors express their gratitude to R.-O. Buchweitz, who suggested construct- 
ing tilting objects by using syzygies. This led them to our main Theorem 11.71 They are also grateful 
to Y. Yoshino and H. Krause for valuable suggestions on skew group algebras and the tilting theorem 
for algebraic triangulated categories. Results in this paper were presented in Nagoya (June 2008), Banff 
(September 2008), Sherbrooke (October 2008), Lincoln (November 2008), Kyoto (November 2008) and 
Osaka (November 2009). The authors thank the organizers of these meetings and seminars. 
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1. Our RESULTS 

1.1. Preliminaries. Let us recall the notions ol tilting objects [R] and silting objects [KV[ lAI) which 
play a crucial role in this paper. 

Definition 1.1. Let T be a triangulated category. 

(a) For an object U G T, we denote by thick(t/) the smallest full triangulated subcategory of T 
containing U and closed under isomorphism and direct summands. 

(b) We say that U G T is tilting (respectively, silting) if Hom7-([/, U[n]) — for any n ^ (respec- 
tively, n > 0) and thick(C/) = T. 

For example, for any ring A, the homotopy category K'^(projA) of bounded complexes of finitely 
generated projective A-modules has a tilting object A. Moreover a certain converse of this statement 
holds for a triangulated category which is algebraic (see Appendix for the definition). Namely we have 
the following tilting theorem in algebraic triangulated categories |Kel| (cf. |Bo) ) . where an additive 
functor F : T ^ T' oi additive categories is called an equivalence up to direct summands if it is fully 
faithful and any object X € T' is isomorphic to a direct summand of FY for some Y G T- 

Theorem 1.2. Let T be an algebraic triangulated category with a tilting object U . Then there exists a 
triangle equivalence 7~ — > K'^(proj End7-([/)) up to direct summands. 

For the convenience of the reader, we shall give an elementary proof in Appendix. 

Let i? be a commutative Noetherian ring which is Gorenstein and Z-graded. We assume that {R, m) is 
*local in the sense that tlie set of graded proper ideals of R has a unique maximal element m. We denote 
by mod^(i?) the category of finitely generated Z-graded i?-modules. For X,Y € mod^(i?), the morphism 
set Hom^(Ar, Y) in mod^(i?) consists of homogeneous homomorphisms of degree 0. Then Hom^(X, Y{i)) 
consists of homogeneous homomorphisms of degree i, and we have 

Homfi(X, r) = Hom|(X, r(z)). 

iei 

We call X E mod^(i?) graded Cohen- Macaulay if the following equivalent conditions are satisfied (e.g. 
pil (1.5.6), (2.1.17) and (3.5.11)]). 

• Extii{X, i?) = for any i > 0. 

• Xm is a maximal Cohen-Macaulay i?,T,-module (i.e. depthA^m = d or Xm — 0). 

• Ext'^^^^ (Am, i?m) = for any i> 0. 

• Ap is a maximal Cohen-Macaulay i?p-module for any prime ideal p of R. 

• Ext^p (Ap, Rp) = for any i > and any prime ideal p of R. 

We denote by CM^(i?) the category of graded Cohen-Macaulay i?-modules. 

We denote by mod (i?) the stable category of niod^(i?) [ABrj . Thus mod (i?) has the same objects 
as mod^(-R), and the morphism set is given by 

Hom^(A,y) := Hom^(A, y)/P^(A, F) 

for any X,Y E rnod^(i?), where P^(A, F) is the submodule of Hom^(A, F) consisting of morphisms 
which factor through graded projective i?- modules. For a full subcategory C of mod^(-R), we denote by 
C the corresponding full subcategory of mod (i?) . The following fact is well-known (see Appendix) . 

Proposition 1.3. Let R be a graded Gorenstein ring. Then CM^(i?) is a Frobenius category and the 
stable category CM [R) is an algebraic triangulated category. 

In particular we can apply the tilting Theorem 11.21 for CM^(i?). 

Recall that an additive category is called Krull-Schmidt if any object is isomorphic to a finite direct 
sum of objects whose endomorphism rings are local. Krull-Schmidt categories are important since every 
object can uniquely be decomposed into indecomposable objects up to isomorphism. Another important 
property of CM^(i?) is the following, which will be shown at the beginning of Section [51 
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Proposition 1.4. Assume that i?o "is Artinian. Then the categories CM^(i?) and CM (R) are Krull- 
Schmidt. 

1.2. Our results. Throughout this paper, let A: be a field of characteristic zero and let G be a finite 
subgroup of Sljd{k). We regard the polynomial ring S := k[xi, • • • , xj] as a Z-graded fc-algebra by putting 
degXi = 1 for each i. Since the action of G on S* preserves the grading, the invariant subalgebra R := S'^ 
forms a Z-graded Gorenstein fc-subalgebra of S. We denote by m (respectively, n) the graded maximal 
ideal of R (respectively, S). 

Throughout this paper, we assume that R is an isolated singularity (i.e. Rp is regular for any prime 
ideal p 7^ m of i?, or equivalently, any graded prime ideal p 7^ m of i?) . This is equivalent to saying that 
G acts freely on fc''\{0} [lY' (8.2)]. One important property of the category CM ^(R) is the following 
graded Auslander-Reiten duality. 

Theorem 1.5. There exists a functorial isomorphism 

Hom^(X, Y) ~ DHom|(r,X(-d)[d- 1]) 

for any X,Y e CM^(R). 

This says that the triangulated category CM ^(R) has a Serre functor {—d)[d — 1] in the sense of 
Bondal-Kapranov [BKj . The graded Auslander-Reiten duality appears in [ARlj in the proof of existence 
theorem of almost split sequences. For the convenience of the reader we shall give in Section 2 a complete 
proof for graded Gorenstein isolated singularities (see Corollary 12.51 and Proposition 15. 5p . 

Our first main result is the following. 

Theorem 1.6. The R-module 

d-l 

T:=@S{p) 

p=0 

is a silting object in CM^(i?). Moreover Hom^(r, T[n]) holds for any n < 2 — d. 

More strongly, we shall show that Hom^(S', S{i)[n]) — holds if {n, i) does not belong to the following 
shadow areas (Proposition 16. 5p . 




When d = 2, Theorem [O] implies that T = S'©S'(l)isa tihing object in CM (^), and so CM (^) is 
triangle equivalent to (pro i End ^ (T)). Moreover we shall show that End ^(T) is Morita equivalent to 
the path algebra of disjoint union of two Dynkin quivers (Example I7.14p . Thus we recover a result due 
to Kajiura, Saito and A. Takahashi |KST1| . Also Theorem 11.61 gives an analogue of a result of Ueda [U] 
based on Orlov's theorem [O], where cyclic quotient singularities with different grading are treated. 

When d > 2, the above T is not necessarily a tilting object (see Example l7.16p . Instead of T, we shall 
give a tilting object in CM ^(R) by using syzygies as follows. 

For a graded S'-module X, we denote by ilsX the kernel of the graded projective cover. For a graded 
i?- module X, we denote by [X]cm the maximal direct summand of X which is a graded Cohen-Macaulay 
_R-module. Our second main result is the following. 

Theorem 1.7. The R-module 

d 

(7:=0[r!^fc(p)]cM 
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is a tilting object of CM ^(R). In particular, we have a triangle equivalence 

GM^(R) -> K'^fproiEndlfmi. 

We shall give explicit descriptions of the algebras End ^(r) and End ^(?7). Let V := 5*1 be the degree 
1 part of S. Let 

i>Q i>0 

be the exterior algebra of the dual vector space DV of V. 
Definition 1.8. (a) We define fc-algebras S^"^^ and E^'^'^ by 
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We define the skew group a 



A * G as follows: As a /c-vector space, A =t= G = A (gik kG. The multiplication is given by 

(a (g) g){a' ® g') = ag{a') ® gg' 

for any a,a' ^ A and g, g' G G. Similarly, for a fc-algebra A' and a group G acting on A' (from 
right), we define the skew group algebra G * A' . 

The left action of G on V gives the right action of G on DV . These actions induce actions of G on the 
fc-algebra S'^'^^ from left and the fc-algebra E'^'^^ from right. Thus we have skew group algebras S^''^ * G 
and G * E''''^. Notice that they are Koszul dual to each other. Define idempotents of kG by 



and 



e. 



(1) 



These are idempotents of S^'^'^ *G and G^-E^"^^ since kG is a subalgebra of S^'^^*G and G*E^'^'> respectively. 
Now we have the following descriptions of the endomorphism algebras of T and U. 

Theorem 1.9. We have isomorphisms 

End^(r) ^ (5W*G)/(e), 

Endl(U) ~ e'(G*sW)e' 

of k-algehras, where we denote by (e) the two-sided ideal generated by e. Moreover these algebras have 
finite global dimension. 

As an immediate consequence, we have the following description of CM ^(R) as a derived category of 
a finite dimensional algebra. 

Corollary 1.10. We have triangle equivalences: 

CM^(R) -> K^(proje'(G*S(''))e') ~ D^(mod e'(G * i;(''))e'). 

Let us observe another consequence of Theorem II. 91 

Definition 1.11. Let T be a triangulated category. An object X € T is called exceptional if 
}iom-j-{X, X[n]) = for any n 7^ and End7-(X) is a division ring. A sequence {Xi,--- ,Xm) of 
exceptional objects in T is called an exceptional sequence if Hom-j- { X i, Xj[n\) — for any 1 < j < i < m 
and n G Z. An exceptional sequence is called strong if IioiJi-j-{Xi, Xj[n\) = for any 1 < i, j < m and 
n ^ 0, and called full if thick(0™^j^ Xi) — T. 
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Clearly an exceptional sequence {Xi, ■ ■ ■ ,Xm) is full and strong if and only if ®™ Xi is a tilting 
object in T- Thus the previous theorems yield the result below. 

Corollary 1.12. (a) There exists an ordering in the isomorphism classes of indecomposable direct 
summands of T which forms a full exceptional sequence in CM (i?) . 
(b) There exists an ordering in the isomorphism classes of indecomposable direct summands of U 
which forms a full strong exceptional sequence in CM ^(R). 

2. Graded Auslander-Reiten duality 

In this section, we study the graded version of Auslander-Reiten duality. For the basic definitions and 
facts on graded rings, we refer to [BHl §1.5 and §3.6]. 

Throughout this section, let i? be a commutative Noetherian ring of KruU dimension d which is 
Gorenstein and graded. Moreover we assume that {R,m,k) is a *local fc-algebra. We denote by (— )* the 
i?-dual functor 

Homfl,(-,i?) : mod^(i?) -> mod^(i?). 
For X G mod^(_R), take a graded free resolution 

> Fi ^ Fo ^ X ^ 0. (2) 

We put ilX := Im/. This gives the syzygy functor 

n : rao<f(R] mo(f(R). 
Applying the functor (— )*, we define Ty X G mod^(i?) by the exact sequence 

^ a:* ^ Fq* A Fi* ^ TrAT ^ 0. (3) 

This gives the Auslander-Bridger transpose duality 

Tr : mod^(R) ^ mod^(R). 

Note that 17^ Tr(-) ^ (-)* as functors from mod^(i?) to itself. 

We denote by fl^(i?) the category of graded i?- modules of finite length. Then X G mod^(i?) belongs 
to fl^(i?) if and only if Ap =0 for any prime ideal p ^ m (or equivalently, any graded prime ideal p ^ m). 
We denote by 

D = Homfe(-, k) : fl^(i?) ^ fl^(i?) 

the graded Matlis duality. Since R is Gorenstein, there exists an integer a such that cj := R{a) satisfies 
an isomorphism 

Ext^(-,.)^{{; (4) 

of functors fl^(i?) — > fl^(i?). The integer a is called the a-invariant of R and the module u! is called the 
*canonical module of R. Note that ~a is often called the Gorenstein parameter of R. In particular we 
have Ext^(fc, R) ~ k{-a). 

The restriction of fl gives an equivalence 

n-.Cyf'iR) ^ GM^(R), 

which gives the suspension functor [—1] of the triangulated category CM ^(R). We define the graded 
version of the Auslander-Reiten translation 

T : CM^(i?) ^ CNfiR) CNfiR). 

Definition 2.1. [l3] We denote by CM^(i?) the fuU subcategory of CM^(i?) consisting of A G CM^(i?) 
such that Ap is i?p-free for any prime ideal p ^ m (or equivalently, any graded prime ideal p ^ m). 

We shall show the following graded version of Auslander-Reiten duality [ARl] ( [Yl (3.10)]). 
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Theorem 2.2. There is a functorial isomorphism 

D Horn jf( M.N) ~ Ext]i{N,TM) 
of graded R-modules of finite length for any M G mod^(i?) and N € CMQ(i?). 

To prove this, we need the following graded version of [A2, (7.1)] [Y, (3.9)]. 
Lemma 2.3. There is a functorial isomorphism 

Homfl(M, N) ~ Torf (Tr M, N) 
of graded R-modules for any M, N S mod^(i?). 

Proof. The assignment y i— > (a; i— )> (j){x)y) makes a functorial homomorphism Xm,n '■ M* N — 
Hom/j(M, N) of graded i?-modules. Clearly Xm,n is an isomorphism if M is a graded free i?-module. 
Applying — iV to ([3]) and Honiij(— , N) to ([2]) and comparing them, we have a commutative diagram 

M* N ^ Fg* (g)R N ^ Fi* (g)R N 



M,N 



^ Homij(M, N) Homfl(Fo, iV) ^ Hom^X-Fi, iV) 

where the lower sequence is exact and the homology of the upper sequence is Tor^(TrM, N). Since the 
image of Xm,n is P{M, N), the cokernel of Xm,n is Hom^(M, N). Thus we have the desired isomorphism. 

□ 

Now we shall prove Theorem 12.21 along the same lines as in the proof of [Y", (3.10)]. 
First we remark the following: Let X,Y, Z £ mod^(i?). Then the assignment (p {x i-^ {y (f){x®y))) 
makes a functorial isomorphism 

YiomniX ®fly,Z) ^Homfl(X,Homfl(r,Z)) 

of graded i?-modules. This gives rise to an isomorphism 

RHomflXX ®\ y, Z) ~ RHomfl(A:, RHonii? (F, Z)) 

in the derived category D(mod^(i?)) of mod^(i?). 

Since Ext^(A^, oj) = for i > 0, we get isomorphisms 

RHomfi(Tr M ®\ N, w) ~ RHomfl(Tr M, RHom^j (iV, w)) ~ RHomK(Tr M, Homij(iV, w)) 

in D(mod^(i?)). Thus there is a spectral sequence 

El'^ = Ext'fl(Torf (Tr Af, A^),w) Ext'^^'(Tr M, Homfl(iV, cj)). 

Since Np is a free i?p-module for any prime ideal p 7^ m, we have Torj*'(Tr M, N)p = Tor^"" (Tr Mp, Np) ^ 
for j > 0. Thus Torf (TrM, N) belongs to fi^(i?) for j > 0. By (g]), we have E^'^ = for j > and i ^ d. 
On the other hand, we have E2'' = for i > d since uj has injective dimension d. Consequently, we have 
an isomorphism 

Ext^(Torf (Tr M, TV), w) ~ Ext^+^(Tr M, Homfl(iV, w)). (5) 
We have the desired assertion by 

D Hom pifM.N) ~ Ext^ ( Hom (M. N).u)^Extj. (Torf fTr M.N).uj) 
~ ExtJ^\TrM,Homfl,(7V,w)) ~ Extjj (f^'* Tr M, Homi^ (iV, cj)) 



Ext]^{N,llomR{n'^TrM,uj)) ^ Ext (iV, rAf ) . 



□ 
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Proposition 2.4. There is an isomorphism 
of functors GM^(R) CM^(R). 

Proof. We only prove the proposition in tlie case d >2, for it is easily proved in the cases d — 0,1. There 
is an exact sequence 

^ n'^-^(M*) ^ Fd-3 >Fo^ M* ^0 

of graded i?-niodules where each Fi is free. All modules appearing in this exact sequence are in CM^(i?) 
because their localizations at m are maximal Cohen-Macaulay i?ni-inodules. Applying Hom/f (— ~ 
(— )*(a), we obtain an exact sequence 

M**{a) -J- F*(a) -J> > F^_^{a) tM ^ 

of graded i?-modules, and there is an isomorphism M** ~ M. This shows tM ~ fl^^'^M{a). □ 

Our graded Auslander-Reiten duality gives the Serre duality of the triangulated category CM q(R). 
Corollary 2.5. There exists a functorial isomorphism 

Uom ^Ud, N) ~ DEom^{N,M{a)[d~l]) 
for any M, N G CMq (_R). In other words, the category CM p (fi!) has a Serre functor {a)[d — 1]. 
Proof. We have only to take the degree zero parts of the graded isomorphisms 

-DHom^(M, N)^Ext]^{N,TM)^Ext]i{N, n^-''M(a)) ~ Hom^(7V, M{a)[d - 1]). 

□ 

3. Skew group algebras 

Throughout this section, let fc be a field of characteristic zero and G a finite subgroup of GLd(fc). Let 
S :— k[xi, ■ ■ ■ ,Xd] be a polynomial algebra and R := 5*^ be an invariant subalgebra. The aim of this 
section is to give a description of End_R(S') as a skew group algebra S*G (see Definition II. 81) . Recall that 
we regard S and R as graded algebras by putting degXi = 1 for each i. We have a morphism 

(j): S*G -^EndBiS), s g ^ {t ^ sg{t)) 

of graded algebras, where we regard End/j'(S') and 5 * G as graded algebras by putting End7?(S')i := 
Hom^(S', S{i)) and {S * G)i := S, ® kG. 

We will show that (f) is an isomorphism under the following assumption on G. 

Definition 3.1. We say that g e GLd{k) is a pseudo-reflection if the rank of g — 1 is at most one. We 
call G small if G does not contain a pseudo-reflection except the identity. 

For example, it is easily checked that any finite subgroup of SLrf(fc) is small. 
We have the following main result in this section. 

Theorem 3.2. Let G be a finite small subgroup of Ghdik). Then the map 4> : S * G ^ Endi{(5') is an 
isomorphism of graded algebras. 

This is due to Auslander |AG[ lAlj . Since there seem to be no convenient reference to a proof of this 
statement except Yoshino's book [F| for the special case d = 2, we shall include a complete proof for the 
convenience of the reader. 

Before we start to prove, we give easy consequences. 

Corollary 3.3. Let G be a finite small subgroup of Ghd{k). Then we have }iom^{ S, S{i)) = for any 
i<0 and End^(S') ~ kG. 

Proof By Theorem[Owe have Hom|(5, S{i)) = EndniS), ~ (5 * G)^. Since {S * G)^ = for any i < 
and (5* * G)o = kG, we have the assertions. □ 
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Corollary 3.4. We have the following mutually quasi-inverse equivalences 

mod(/cG) ^ addp S mod{kG) ^ add^ S 

Hoin^(S,-) Homf,(-,S) 

In particular, we have bijections between the isomorphism classes of simple kG-modules and the isomor- 
phism classes of indecomposable direct summands of S G niod^(_R). 

Proof. We only consider the left diagram. We have an equivalence 

proj End^(5) ; „ ^ = add^ S 

Hom^(S, — ) 

By CoroUarv 13.31 we have End^(S') ~ kG, which is semisimple. Thus we have proj End^(5) ~ proj kG ~ 
mod(fcG), and the assertions follow. □ 



The following notion plays a key role in the proof of Theorem [ 

Definition 3.5. [BR| Let A C -B be an extension of commutative rings. We say that B is a separable 
A-algebra if B is projective as a S (E)a B-module. 

Let us prove the following general result (cf. (10.8)]). 

Proposition 3.6. Let B be an integral domain, G a finite group acting on B and A := B'^ . If B is a 

separable A-algebra, then the map (jj : B * G ^ EndA(B) given by b ® g (i i— !■ bg{t)) is surjective. 

Proof. Without loss of generality, we can assume that the action of G on B is faithful. The multiplication 
map m : B (g)^ B ^ B is a surjective morphism of B B-modules. Since B is a separable ^-algebra, 
there exists a morphism l : B ^ B ®a B B ®a i?-modules such that mi — 1b. 

Let E := EndA(-B). For /, /' G E, we define an element 7(/, /') G _E by the composition 

^{fJ'):B^B®AB^B®AB^B. 

Then the map : E x E ^ E is, bilinear. Clearly we have j(1e, ^e) = 1b- 

For c e S * G, we simply denote 7((/>(c), /) and j{f, 0(c)) by 7(0, /) and 7(/, c) respectively. 

(i) Let g £ G and / G End/i(B). Since both l and m are morphisms of B ®a -B-modules, we have 

-f{9J){xy)=9{x)-j{g,f){y) and l{f-,g){xy)^-i{f,g)(x)-g{y) (6) 
for any x,y £ B. In particular, we have 7(5, f){x) — g{x) ■ 7(3, /)(1_b), which means 

7(5,/) = 0(7(5, /)(lB)S5ff). (7) 

On the other hand, we have 

7(5, lB)(a;) • y = 7(5, '^E){xy) = 7(5, lE)iyx) = giy) ■ -f{g, l£;)(x) (8) 
for any x,y £ B. If g ^ 1, then there exists y £ B such that g{y) ^ y since the action of G on i? is 
faithful. Since B is a domain, ([8]) implies that 

7(ff, Ie) = for any g G G\{1}. (9) 

(ii) Assume Im / C A. Then we have 

{B ®A B ^ B®aB^B) = {B®aB B®aB^B^B'). 

This implies 

7(/,/') = /'-7(/,l£)- (10) 
(in) We shah show / = 0(Z]geG 7(5' /)(ls) ® g) for any / G EndA(i?)- We have 

0(E ^(ff' * 5) = E ^(5, /) - 7(E 5' /) 

ffSG geG geG 

^ / • 7(E 5> li^) = E / • 7(5, 1^) ^ / • lilE, Ie) = /. 
sec geG 
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□ 

Another key notion in the proof is the following. 

Definition 3.7. Let {A,m,k) C {B,n,i) be an extension of commutative Noetherian local rings with 
m = n n A such that B is finitely generated as an yl-algebra. We say that A C -B is an unramified 
extension if n = mB and fc C ^ is a separable extension of fields. 

This is related to separability of the A-algebra B (see jBRt (III. 3.1)] for more information). 

Proposition 3.8. If A d B is unramified, then it is separable. 

Proof. First, let us prove that ilB\A — 0- By [Ma', (25.2)], there is an exact sequence 

where a(y) = dB\A{v) ® 1 for y G n. Since = ^i\k = 0, the map a is surjective. As n = mB, 

the map (3 : m/m^ ®a B n/v? sending x ®h to xb for x G m and 6 G i?, is surjective. We have 
a(3{x b) = X ■ d_B|y!i(6) (55 1 = ds|A(^) <8) a; = 0, hence a/3 — 0. Therefore flB\A ®b (■ — 0. Nakayama's 
lemma implies ^b\a = 0. 

Now, we can prove the assertion of the proposition. There is an exact sequence 

Q^I^B®aB^B^Q 

of B ®A S-modules, where ^.{b ® b') = bb' for b,b' G B. We have I/P = ^b\a = 0, so / = P. Fix a 
prime ideal p of S (S^a B. If p does not contain /, then Bp = 0. Suppose p contains /. We have Ip — Ip. 
Since i? is a finitely generated A-algebra, B ®a B is a Noetherian ring. Hence we can apply Nakayama's 
lemma to see that Ip = 0, which shows Bp ~ {B 0^ B)p. Consequently, B is locally free over B ®a B. 
This means that _B is a projective B i^a i?-module. □ 

Let L\K be a Galois extension of fields with the Galois group G. Let (-B,*P) be a discrete valuation 
ring with the quotient field L. Then A :~ B Cl K is a discrete valuation ring with the maximal ideal 
p :— ^ n A. The inertia group of *p is defined by 

T(<P) := {5 G G I g{x) - a; G *P for any x G B}. 

We need the following basic result in algebraic number theory [SJ (1.7.20)]. 

Proposition 3.9. The order o/T(*P) is equal to the length of the B-module B/pB. 

In particular, the extension A C i? is unramified if and only if T{^) = {1} holds and the field extension 
A/p C B/^ is separable. Applying this observation for our setting, we have the following crucial result 
(cf. 121 (10.7.2)]). 

Proposition 3.10. Let k be a field of characteristic zero and G a finite subgroup of Ghd{k). Let S := 
k[xi, ■ ■ ■ ,Xd] and R :— . Then the following conditions are equivalent. 

(a) G is small. 

(b) For any height one prime ideal *P of S , the extension R<:pnR C Sep is unramified. 

Proof. Let p := *p n i?. Since the characteristic of k is zero, the field extension Rp/pRp C S'tp/CpS'rp 
is separable. By Proposition 13. 9[ we have only to show that the following conditions are equivalent for 
g&G. 

(i) g is a pseudo-reflection. 

(ii) There exists a height one prime ideal *P of S such that g G T(*pS'(p). 

(i) =^>(ii) By changing variables, we can assume that g{xi) = Xi for any 1 < i < d and g{xd) — C^d for 
a root C of unity. Let := (xd) be a height one prime ideal. Since g acts on S/{xd) trivially, we have 
that g G T(«p5'<p). 

(ii) =>(i) Since 5* is a unique factorization domain, we can write *P — (z) for z G n. Since g acts on 
S/{z) trivially, g acts on S/{{z) + n^) trivially. Let n :— {xi, ■ ■ ■ ,Xd) C S and V := Si = n/n^. The 
image of the map g — 1 : V ^ V is contained in ((z) + n^)/n^ C V, which is one dimensional over k. 
Thus g is a pseudo-reflection. □ 
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Lemma 3.11. Let A be a commutative Noetherian ring of dimension d such that dcpthAm = d for any 
maximal ideal m of A. Let f : X Y be a homomorphism in mod^ such that /qj : — > Yrp is 
an isomorphism for any height one prime ideal *P of A. Then f* : Y* — >■ X* is an isomorphism. In 
particular, f is an isomorphism if X and Y are reflexive A-modules. 

f 

Proof. Let O^K^X—^Y^C^Ohean exact sequence. By our assumption dimK and dimC are 
at most d - 2. By [Mai (17-1 Ischebeck)], we have Ext^(ii', A) = = Ext^(C, A) for i = 0, 1. Applying 
(— )* to the above exact sequence, we have the assertion. □ 

Now we can prove Theorem 13.21 

The map (f) : S * G ^ Endj^{S) is a homomorphism of reflexive iS-modules. By Lemma |3. Ill we have 
only to show that 

(%) 

is an isomorphism for any height one prime ideal *P of S. 

Let A := iJqjnfl and B := S'lp, and let K and L be the quotient fields of A and B respectively. Since 
G is small, we have by Proposition 13.101 that A C -B is an unramified extension of discrete valuation 
rings. By Proposition 13.81 i? is a separable A-algebra. By Proposition 13.61 0rp is surjective. Since 
dimK{L * G) = (dim^ L)'^ ~ dinii^ Endx(i), we have that 0rp is bijective. □ 

4. Cluster tilting subcategories for quotient singularities 

The notion of maximal orthogonal subcategories was introduced in [IT] as a domain of higher dimen- 
sional analogue of Auslander-Reiten theory, and later renamed cluster tilting subcategories in [KRlj in 
the context of categorification of Fomin-Zelevinsky cluster algebras. The notion of cluster tilting subcate- 
gories is an analogue of that of tilting objects. It was shown in [IT] that the categories CM(i?) for isolated 
quotient singularities R of dimension d have {d — l)-cluster tilting subcategories. In this section we give 
a graded version of this observation, namely we show that the categories CM ^(R) have (d — l)-cluster 
tilting subcategories. Results in this section will be used in the proofs of our main Theorems 11.61 and 11.71 

Let us start with introducing the notion of n-cluster tilting subcategories: 

Definition 4.1. Let T be a triangulated category and let n > 1. We say that a full subcategory C of 7" 
is n-cluster tilting (or maximal (n — 1) -orthogonal) if the following conditions are satisfied: 

(i) We have 

C^{X eT\ Homr(C,X[j]) ^ {0 < j < n)} = {X e T \ ilomr{X,C[.i]) = (0 < j < n)}. 

(ii) C is a functorially finite subcategory of T in the sense that for any X G T, there exist morphisms 
f : Y X and g : X ^ Z with F, Z G C such that the following are surjective. 

(/•) : Homr (C, Y) Homr (C, X), {-g) : Homr C) Homr C). 

The following main result in this section is a graded version of [II, (2.5)] (see also |Bu| ). 

Theorem 4.2. Let k be a field of characteristic zero and G a finite subgroup of SL(j(A:). Let S := 
k[xi, ■ ■ ■ ,Xci] and R := S'-^ . We regard S and R as graded algebras by putting degXi = 1 for each i. If R 
is an isolated singularity, then 

S := add^{S'(i) \ i e Z} 
is a {d — \)-cluster tilting subcategory of CM ^(_R). 

We include a complete proof here for the convenience of the reader though it is parallel to [Tl] (2.5)]. 
Let us recall some well-known results. The first one is a consequence of our assumption that R is an 
isolated singularity. 

Lemma 4.3. Let X,Y ^ CM^(i?) and n E Z. There exist only finitely many i G Z such that 
Hom ^fX, Yd)) (respectively, Ext^(X, y(z))o =/= 0, where Ext^(X, y(i))o denotes the degree zero 
part o/Ext^(X,y(i))j. 
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Proof. We have Hom ^fX Y) = (^,^r^ Rom t(X,Y(i)) and Ext^(X,y) = ^^^^Ext'}f{X,Y{i))o. Since R 
is an isolated singularity, we have diint. Honi j^fX, Y) < oo and dinifc Ext^(X, K) < oo for any i > by 
[Ml (7.6)] (cf. [Y, (3.3)]). Thus the assertion follows. □ 

The next one is a general result on graded modules. 

Lemma 4.4. |lXR2l (2.9)]|Yl (15.2.2)] Let X andY he indecomposable objects in mod^(i?). Then X ^Y 
as R-modules if and only if X ':± for some i €z as graded R-modules. 

Proof of Theorem 14.21 For any X e CM ^(R), there are only finitely many z G Z such that 
Hom|,(X,S'(i)) ^ (respectively, Hom^(5,X(i)) ^ 0) by Lemma 1131 One can easily verify that S 
is a functorially finite subcategory of CM ^(R). 

(i) We shall show Hom|(S', S{i)[j]) = for any i e Z and < j < d - 1. 

We have only to show Extj^(S', S) = for any < j < d — 1. Fix < j < rf — 1 and assume that we 
have shown Ext^(S', S) — for any < £ < j. Let 

^ n^S Pj-i > Po^ S ^0 

be a projective resolution of the i?-module S. Applying Hom/('(— , 5), one gets an exact sequence 

^ Endfl(S') ^ Homij(Po, S) ^ > Homfl,(Pj_i, 5) -> RomRin^S, S) Ext]^(5, 5) -> 

of 5-modules since Ext^(5, S) = for any < £ < j. Each Homfl(Pi, S) is a projective 5-module, and 
so is Endij(S') since there is an isomorphism Endij(5) ~ S* * G by Theorem 13.21 Taking a projective 
presentation of the i?-module and applying Homii;(— , 5), we see that Homjj(f2]j5, 5) is a second 

syzygy of a certain 5'-module. Thus it holds that proj. dim^ Hom/j(njj5', S) < d~2. These observations 
together with the above exact sequence imply proj. dim^ Ext]j(S', S*) < d — 1. By Lemma [4.31 the S- 
module Extjj(S', S) has finite length. Since any non-zero finite length S'-module has projective dimension 
d by the Auslander-Buchsbaum equality at m, we have Ext-^(S', S) = 0. 

(ii) We shall show that any X G CM^(R) satisfying Hom|(X, S{i)[j]) = for any i e Z and < j < 
d ~ 1 belongs to S. 

By Lemma [4.41 we have only to check X G add/j S. We have Ext-^(Ar, S) — for any < j < d — 1. 
Let 

^ ^'ji^^X Pd-2 >Po^X ^0 

be a projective resolution of the i?- module X. Applying Homjj(— , S), we obtain an exact sequence 

-> HomH(X, S) UomiiiPo, S) ^ > Homfl(Pd_2, S) ^ UouiRin''-^ S, S) 

of 5- modules since Ext]j(Ar, S) = for any < j < d — 1. Again each Homi^(Pi, S) is a projective S'- 
module, and proj. dim^ RouiRin^j^^S, S) < d-2 holds as we have shown in (i). Consequently Homjj(A', S) 
is a projective S'-module, and we get Hom;j(X, S) G addj^ S. 

Since eS — R holds for the idempotcnt defined in ([Ij, one sees that i? is a direct summand of S as 
an i?-module. Thus we have X* G add/? Homfl(X, S) C add^ S and X ~ X** G add^S*. Since S* is a 
Cohen-Macaulay S-modulc, it is a projective S-module. Thus X G addj? S holds, so the desired assertion 
follows. 

(iii) We shall show that any X G CM^(R) satisfying Hom|(S, X(i)[j]) = for any i G Z and < j < 
d — 1 belongs to S. 

By using graded AR duality (Corollary [53]), we have Hom ^ (X, S{i)[j]) = for any i G Z and < j < 
d-l. Thus we have X € S hy (ii). □ 

In particular, we have CM ^(R) = 5 in the case d — 2. This is a graded version of a classical result 
due to Herzog [Her) and Auslander [A4 . 

The following property of (d — l)-cluster tilting subcategories is the graded version of [LT, (2.2.3)]. 

Proposition 4.5. For any X G CM^(i?), there exists an exact sequence 

^ Cd-2 >Ca^X ^0 
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in mod^(i?) with Ci E S such that the following sequence is exact: 

^ Homfl,(5,C<j-2) ^ > Homfl(5,Co) ^ Hom/?(5,X) ^ 0. 

Proof. Put Xq :— X . Inductively, we get an exact sequence ^i+i ^ Ci ^ — > in mod^(_R) with 
Ci E S such that 

^ Hom;,(5,X,+i) ^ Honifl,(5,C,) ^ Homfl,(5,X,) ^ 

is exact. Using Ext'^(5, 5) = for any < j < d — 1, we have Ext]^(S', X^) = for any Q < j < i < 
d — 1 inductively. By Theorem 14. 2 [ we have Xd-2 G S. Putting Cd^2 '■— Xd-2, we obtain a desired 
sequence. □ 

5. KOSZUL COMPLEXES ARE HIGHER ALMOST SPLIT SEQUENCES 

The notion of Koszul complexes is fundamental in commutative algebra. They give projective resolu- 
tions of simple modules for regular rings S. In this section we study properties of the Koszul complex of 
5' as a complex of i?-modules for a quotient singularity R. We will show that the Koszul complex of S is 
a direct sum of higher almost split sequences for graded Cohen-Macaulay modules. This is an analogue 
of a result in jT2] which assumes that 5 is a formal power series ring. Results in this section will be used 
in the proof of our main Theorems 11.61 and 11.71 

Let fc be a field of characteristic zero and G a finite subgroup of GLd{k). Let S := k[xi, ■ ■ ■ ,Xd] and 
R := S'^. We regard S and R as graded algebras by putting degx^ = 1 for each i. Let V := Si be the 
degree 1 part of S. We denote by 

d d-1 

K ^ {0 ^ S ^ /\V ^ S ^ /\V ^ ■■■ ^ SC^V ^ S ^0) 
the Koszul complex of S, where (g) :— (S^k and the map 6i : S (E> /\^ V ^ S (E) A*^^ ^ is given by 



s {vi A ■ ■ ■ A Vi) 22^~^y ^^^3 {vi A ■ ■ ■ Vj ■ ■ ■ A Vi). 

i=i 

We have a free resolution 

d d-1 

K ^ {0 ^ S ® /\V % S ® /\V ■■■^S^V^S^k^O) (11) 

of the simple S'-module k. We regard each S ® /\^ V as a module over the group algebra RG by 

{rg){s ® (wi A • • • A v^)) = rg{s) ® {g{vi) A • • • A g{vi)). 

We regard ^ as a vector space of degree 1, and so /\* ^ as a vector space of degree i. Thus S C$i /\^ V is 
a direct sum of copies of S{—i). Clearly PH is an exact sequence of graded i?G-modules. 

We consider the decomposition of (fTT|) as a complex of i?-modules. Let Vq — k,Vi, ■ ■ ■ ,Vn he the 
isomorphism classes of simple fcG-modules. Let di be the dimension of Vi over a division ring EndfeG(14)- 

Proposition 5.1. As a complex of graded R-modules, the koszul complex (jlip splits into a direct sum 
of di copies of 

d 

HomfcG(T/„ K) = (0 ^ {RomkG{V^, S ® /\V) ^ ■ ■ ■ ^ llomkG{V^,S) l^omkG{V^,k) ^ 0), (12) 
where HomfcG(Vi, k) if i ~ and HomkciVi, k) = otherwise. 

Proof. Since kG ~ 0iLo fcG-modules, we have K ~ 0^4o HomfcG'(V^i, K)"*' as complexes of graded 

i?-modules. □ 

The following main result in this section is a graded version of flS", (6.1)] asserting that the Koszul 
complex of S gives a higher almost split sequence of R. 
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Theorem 5.2. (a) The Koszul complex (jlip induces an exact sequence 

d 

^ Honi^(S'(i), S® l\V)^---^ Honi|(S'(i), S* ® ^ Hom^(5(i), S') 

for any i G Z, where the right map {5i-) is surjective ifi^O. 
(b) The Koszul complex (|lip induces an exact sequence 

d-l d 

^ Hom^(^, S(i)) ^ • • ■ Hom^(5 ® A '^(*)) ^ Hom^(^ A ^' '^(*)) 

for any i G Z, where the right map {-Sd) is surjective if i ^ —d. 
The first part is a consequence of the foilowing observation. 
Lemma 5.3. We have an isomorphism 

K®kG= {S®/\'^V®kG — - — ^ S(g)V(E)kG ^ S (E) kG) 

Homj^(5, K) = (HomH(^, S®^''v) ^ Hom«(5, S ®V) Hom;j(5, 5)) 

of complexes of graded R-modules. 
Proof. We define a map 

i i 

Oi : S ® f\V ®kG ^ Homfl,(5', S ® f\V) by s(8)'Uj(X)5i-^(ti-^ fg(s) g{w)) [g G G). 

(i) We shall show that is an isomorphism. 
We can write Oi as a composition 

i i i i 

S® /\V®kG ^ S®kG® /\V ^ Endfl(5') ® /\V ^ HomflXS*, S* ® A 

where Ci is defined by Ci(s ® w (8) 5) — s ® g ® giw). Clearly is an isomorphism, and so is (X> 1 by 
Theorem 13.21 Thus we have the assertion. 

(ii) It is easily checked that both {Si-)ai and ai^i{Si ® 1) send s (8> (wi A • • • A Ui) (8) 5 to 

i 

t ^ ^(-l)-'+it9(s«,) A • --giv,) • • • A g{v,)). 

i=i 

Thus the assertion follows. □ 

The second part is a consequence of the following observation. 
Lemma 5.4. We have an isomorphism 

K®kG= {S®/\'^V®kG ^ ^S®V®kG ^S®kG) 

I > bd i 61 } bo 

Homfi(K, 5) = (Hom;^(5, S) Z^^^'^^-'^^-jlomRiS <E> A"""' V, S)'^^^RomB.{S ® A"" V, S)) 

of complexes of graded R-modules. 

Proof. Fix an isomorphism l : A'' V k. We have a non-degenerate bilinear form 

i d~i 

■ ^ {/\V) ^ k, w(E)w' l{w Aw'). 

We define a map 

i d~i 

h: S ® l\V ®kG ^ Hom;?(S' ® /\V,S) by s®w(®gi^{t®w'>^ tg{s)i{g{w) A w'j). 
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(i) We shall show that bi is an isomorphism. 

We denote by a : /\* D{/\'^^^ V) the corresponding isomorphism to l' . Since we can write bi as a 
composition 

i i d—i d—i 

S® f\V ®kG ^ S(^kG® f\V Endfl(5) ® D{f\ V) ^ Homij(S' ® f\V, S), 



we have the assertion by Theorem [ 
(ii) Using the relation 

d+l 

'^{-iy^^UjL{ui A • • - Mj • • • A Ud+l) = 

j=i 

for any ui, ■ ■ ■ , Ud+i E V, we have that both {■dd-i+i)bi and bi^i{Si 1) send s ® {vi A ■ ■ ■ A Vi) ® g to 

d-i+l 

t®{v[A---Av'^_^^,) ^ J2 {-^y^'tvr9{sy{9{vl)A■■■g{v^)Av[■■■v'^■■■Av'd_,+,) 

i 

= J2^-'^y^^t9isVj)L{g{vi) A ■ --givj) ■ ■ ■ g{v^) Av[---A 

3 = 1 

Thus the assertion follows. □ 

Now we are ready to prove Theorem 15.21 The assertions follow from Lemmas 15.31 and 15.41 since the 
complex K Cg) kG is clearly exact. □ 



We end this section by stating the following application of Theorem 15.21 

Proposition 5.5. We have Ext^(fc,i?) ~ k{d) in mod^(i?). In particular the a-invariant of R is ~d. 

Proof. This lemma follows from (BH[ (6.4.9) and (6.4.11)]. As an application of the results stated above, 
we give a direct proof for the convenience of the reader. Since R is Gorenstein, we have Ext^(5', i?) = 
for any n > 0. Applying Hom^(— , R{—d)) to pT|) . we have an exact sequence 

d-l d 

Hom^(S' ® f\V,R)^ Hom|(S' ® [\V, R{-d)) Ext^(fc, i?(-d))o ^ 0. 

Since R{~d) is a direct summand of S* ® '^'^ have Ext^(fc, i?(— (i))o 7^ by Theorem 15.21 This 

implies the assertion. □ 



6. Proof of Main Results 

Before proving our main Theorems 11.61 and II. 7[ we deduce Proposition 11.41 from the following well- 
known result. 

Proposition 6.1. Let f : A ^ B be a surjective homomorphism of finite dimensional algebras over a 
field. For any idempotent e of B, there exists an idempotent e' of A such that e = /(e'). 

Proof. This is an easy consequence of the lifting idempotents property (e.g. jASSi (1.4.4)]). □ 
Now we are ready to prove Proposition 11.41 

By our assumption dim^ i?^ < 00 for each i, we know that End^(A") and End ^fA") are finite di- 
mensional fc- algebras for any X e CM^(i?). If a finite dimensional fc-algebra does not have idempotents 
except and 1, then it is local. Thus it is enough to show that idempotents split in CM^{R) (respectively, 
CM^(i?)), i.e. for any idempotent e e End^(A) (respectively, End^(A)), there exists an isomorphism 
/ : X r ® Z such that e = /-^(p [])/. 

This is clear for End^(A); just put Y :— Ime and Z := Kere. For End^(A), apply Proposition 16. II 
to the surjective map Endj^(A) End jj.(A). □ 
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6.1. Proof of Theorem 11.61 We need the following application of results in the previous section. 
Lemma 6.2. As a complex of graded R-modules, the sequence HI]) has a direct summand 

Md ^ Md-i ^ ...J^M.Il^ A/o ^ (13) 
which is exact and satisfies the following conditions. 

(a) Mi £ add5(— i) for any < i < d, 

(b) R(BMo = S and R{~d) ® Ma = S{~d), 

(c) Put Ni := Ivagi. Then Ni — [flgk]cM for any < i < d. 

(d) We have an exact sequence 

^ RomliSii), Md) ^ Hon4(S'(i), M^-i) ... ^ Honi^(S'(i), Ah) ^ Hom|(5'(i), Mq) 

for any i G Z, where the right map (gi-) is surjective ifi^O. 

(e) We have an exact sequence 

^ Hom^(Mo, S{i)) ^ Hom|(Mi, S'(i)) ^ . . ■ Rom%{Md-i, S{i)) ^ Hom|(Md, S{i)) 

for any i G Z, where the right map {-gd) is surjective if i ^ —d. 
Proof. Immediate from Proposition 15.21 and Theorem 15. II □ 

We have the following consequence. 
Proposition 6.3. thick(T) = CM^(i?). 

Proof. By (a) and (b) in Lemma [6.21 we have S{i) G thick(T) for any i G Z by using the grade shifts of 
the exact sequence By Proposition we have thick(r) = GM^iR). □ 

In the rest of this section, we simply write 

:=Hom|(X,r(*)[n]). 
We have the following immediate consequence of Theorem 11.51 
Lemma 6.4. (X, r)f ~ Z3(y, X)!-^-". 

Theorem 11.61 follows immediately from the following proposition. 

Proposition 6.5. Let n,i gZ. 

(a) {S, S)f^Oifn>0 and dn + {d - l)i > 0. 

(b) {S, S)f = z/ n< d - 1 anddn+{d-l)i<0. 

Proof. We use the exact sequence in Lemma [2121 

(a) By Theorem [421 this is true for < n < d - 1. Since Hom^(S', S'[n]) = 0j6z(5',5')f is finite 
dimensional, this is also true for sufficiently large i. Now we take any n > d — 1. We assume that 
{S, 5)" = holds if the following (i) or (ii) is satisfied. 

(i) n > n' > and dn' + (d - l)i' > 0, 

(ii) n ^ n' and i' > i. 

For any 2 < j < d, we have a triangle 

iV,^M,_i^iV,_i^iV,[l] (14) 

in CM^(R). Since 71 > n-j+2 and d(n-j+2) + (d-l)(i+j-l) = dn+{d-l)i+{d-j+l) > dn+{d-l)i, we 
have (5, S')"_^/J^i^ = and (Mj_i, S)"^-*^^ = by our assumption of the induction. Applying (— , S)'^^-'^^ 
to we have an exact sequence 

(M,_i,5)r^'+' ^ iN,,s)r'^' ^ {N,_,,s)r^' ^ iM,.,,s)r'^' = o (i5) 

for any 2 < j < d. Thus we have a sequence of surjections 

{Nd, 5)r'+' ^ {Nd^i, 8)^"^^ ^■■■^{N2, S)r^ ^ (TVi, S)2 = {S, S)2. (16) 
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Assume n > d — 1. Since n>n — d+l>Q and d{n — d + 1) + {d — + d) = dn + {d ~ l)i > 0, we 
have (S*, S)"~;^+^ = and (Na, 5')""'^+^ = by the induction hypothesis. By ((Te]), we have (S*, Syi = 0. 

Assume — d—1. Since we have that i ^ —d and that (Mrf_i, S')° — ?• (A^^, 5*)° — >■ is exact by Lemma 
O it holds that (A^d-i, S)^''^^'^ = by dH]) for j = d. Again by we have (5, 5)^ = 0. 

(b) Since d — 1 — n > and — 1 — n) + (d — 1)(— d — «) = — (d — l)i > 0, the assertion foUows 
from (a) and Lemma 16.41 □ 

6.2. Proof of Theorem 11.71 Let us begin with proving several propositions. 

Proposition 6.6. thick([/) ^ CM^(fl). 

Proof. By Proposition 16.31 we have only to show S{i) G thick(L/) for any < i < d. 

Fix < i < d and assume S{j) S thick(C/) for any < j < i. By Lemma 1^?^ there is an exact sequence 

^ [^7*5fc(^)]cM ^ A/^-l(^) ^ > A^l(^) ^ Afo(«) ^ 

with [17'5fc(i)]cM e add [/ and M,_i(i),--- ,Mi(i) G add0}^i5(j). Thus we have S{i) = R{i)®Mo{i) G 
thick(J7). The assertion is proved inductively. □ 



We use the notation in Lemma [6T21 As a matter of convenience, set Nq = N^+i — 0. For integers n, i 
and < p,q < d + 1, we set 

Let us prepare the following result. 

Proposition 6.7. One has {p,q)^ — if either of the following holds. 

(a) (1, q)7+p-i^t ^0 for anyO<t<p-l. 

(b) (1, q)7+p+t ^OforanyO<t<d~p. 
Proof. For each integer < j < d there is a triangle 

in CM ^(R). Applying (— ,q)" to this triangle, we get an exact sequence 

(j + 1, q)r' ^ {j, q)7 ^ iM,,q)7 ^ U + 1, q)7 ^ ih q)^' (17) 

of i?-modules, and (Mj, g)" is in addi^(l, g)"^.^. 

(a) By (jl7p and our assumption, we have a sequence of injections 

(P, g)r ^ - 1, g)r+^ ^ • ■ • ^ (2, ^ (1, - 0. 

(b) By (jl7l) and our assumption, we have a sequence of surjections 



□ 



A dual version of Proposition 16.71 holds: 
Proposition 6.8. One has {p,q)2 — if either of the following holds. 



(a) {p, l)r;+i+* ^0 for anyO<t<q-l. 



(b) {p, 1)7+' ^0 for anyO<t<d~q 



Proof (a) By Lemma iH we have (l,p)ld-7+iJ'-i-t = for any < i < g - 1. By Proposition O^a) , 
we have {q,p)'^]~" = 0. By Lemma lOl we have {p,q)7 ~ 0. 

(b) is shown dually. □ 



The next lemma will play an essential role in the proof of Theorem 11.71 
Lemma 6.9. One has (1, g)" — if either n > max{l, q ~ i} or n < min{ — 1, q — i — 1}. 
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Proof. Let n > max{l,g — i}. Proposition I6.8f b) says that we have only to prove (1, = for 

< t < d — q. Since n > q — i and n + t > n > 1, we have 

d{n + t) + [d- - q-t) ^{d - l){n + i-q)+n + t>n + t>0. 

Proposition l6 . 5f a) implies the lemma. A similar argument shows the assertion in the case n < min{ — 1, q— 

Now we can prove Theorem II. 71 

By Proposition [m it suffices to prove {U, U)'^ = for any n^Q. Since U ~ 0^^^^ Np{p) in GM^(R), 
there is an isomorphism ([/, U)^ ~ 0i<p,g<db. <l)q-p- 

Fix an integer t > 0. When n > 0, we have n + t > max{l, q — {q — 1 — <)}. It follows from Lemma 1^751 
that (1, q)q^l_f — 0. When n < 0, we have n — t < min{ — 1, q — {q + t) — 1}. Again Lemma [6.91 implies 
that (1,(7)^^4 = 0. Therefore, Proposition 16.71 shows that {p,q)q^p — holds for every integer n 0. 
This completes the proof of the statement that [/ is a tilting object. 

Now we show the second statement of Theorem 11.71 By Theorem 11.21 we have a triangle equivalence 
CM^(R) K'^(projEnd|,(C/)) up to direct summands. This is an equivalence since CM^(i?) is Krull- 
Schmidt by Proposition [T31 O 

7. EnDOMORPHISM ALGEBRAS OF T AND U 

In this section, we will give descriptions of the endomorphism algebras End^(T) and End^(C/). In 
particular, we shall prove Theorem ll.9l 

Let Vq — k,Vi, ■ ■ ■ ,Vn he the isomorphism classes of simple fcG-modules. Let di be the dimension of 
Vi over a division ring EndfcG(^)- Let e,; be the central idempotent of kG corresponding to Vi. Then we 
have Ci = X^^Li for primitive idempotents of kG. 

The endomorphism algebra End^(r) is rather easy to calculate. 

Theorem 7.1. We have the following isomorphisms of k-algehras: 

End^(T) ~ S^'^^ * G, 

End^(T) ^ (^W*G)/(e). 

Proof. By Theorem 13.21 there exist isomorphisms 

Hom^(5(p), ~ EndK(5),-p ^ {S * G),_p = 5,_p * G. 

Thus we have the isomorphism End^(T) ~ S^"^^ * G. 

Notice that (e) consists of endomorphisms of T factoring through eT. Since eT = ^'IZo ^(*) is 
a maximal free direct summand of T, we have (e) C P'^{T,T). On the other hand, assume that for 

^ 9 < there exist non-zero maps S{q) A R{r) \ S{p). Since R S add^ S, we have q < r < p hy 
Corollary O Thus ba factors through eT, and we have (e) D P^(T, T). □ 

We give explicit information on the direct summands of T. Let Bp be the idempotent of S''-''-' whose 
(p,p)-entry is 1 and the other entries are 0. Then 

{gP. :^ep(E)e^j \l<p<d, < i < n, 1 < j < d^} (18) 

gives a complete set of orthogonal primitive idempotents of S''''^ * G. We put 

Tp, RomkG{V^, S){p - 1) for {p, i) £ {1, 2, • • • , d} x {0, 1, • • • , n}. (19) 

Proposition 7.2. (a) We have e^^T ~ Tpi as graded R-modules. 

(b) The isomorphism classes of indecomposable direct summands of T & mod^(-R) (respectively, T G 
Cyf'iR)) are Tp, for {p,i) e {1, 2, • • • , d} x {0, 1, • • • , n} (respectively, {p,i) e {1,2,-- - ,d} x 
{I,..- ,n}). 

Proof, (a) We have e^ T ~ e^,S{p - 1) HomfcG((fcG)e,, , 5(p ~~ 1)) HomfeG(^., S){p - 1). 

(b) This is immediate from Theorem 17. II □ 
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In the rest of this section we calculate the endoinorphism algebra End^([/). We give a description of 
the endomorphism algebra of a bigger object 

d 

U := 0J7P/c(p) £ mod^(i?), 

p=i 

which induces a description of End^(C/). 

Theorem 7.3. We have the an isomorphism End^(f7) ~ G * E''-'^'^ of k-algebras. 

Before proving Theorem 17.31 we give explicit information on the direct summands of U. Let Cp be the 
idempotcnt of E^'^'> whose (p,p)-entry is 1 and the other entries are 0. Then 

{ef^ := Cij ^ Cp \ I < p < d, < i < n, I < j < di} 
gives a complete set of orthogonal primitive idempotents of G * E^'^\ We put 

t/p, :-HomfeG(14,r!^fc)(p) for (p, ^) £ {1, 2, • • • , d} x {0, 1, • • • , n} (20) 
which is lm{6p-){p) for the map {6p-) in the complex (|12l) . 

Proposition 7.4. (a) We have e^jU ~ Upi as graded R-modules. 

(b) The isomorphism classes of indecomposable direct summands of U & mod^(i?) (respectively, 
U e GM^(R) ) are Upi for (p, i) G {1, 2, • • • , d} x {0, 1, ■ • • , n} (respectively, {p, i) e {1, 2, • • ■ , d} x 
{l,---,n]). 

The idea of the proof of Theorem 17.31 is to calculate Hom^(f2gfc(g), f2gfc(p)) for any 1 < p, g < d by 
using the Koszul complex ([TT|) 



d-l 



K = ( >Q^ S® f\V ^ S® f\V 



used in Section [S] We will construct the following isomorphisms. 



kG® f\DV=^ Homc(„,od-(fl))(K(r7)[-r7],K(p)[-p]) ^ UoTnl{^%k{q),nlk(p)). 



First we shall construct the right isomorphism of ([21 
Since ImSp = Q^gk, we have a map 



Horn, 



{K{q)[-q],K{p)[~P]) ^ lloml{nlk{q),nPk{p)), 



where C(mod^(i?,)) is the category of chain complexes over mod^(i?). 

Proposition 7.5. (1) The map (|22p is an isomorphism. 
(2) Hom|(r2|A:(q), n^kip)) ^ for any 1 < q < p < d. 



(21) 



(22) 



Proof. (!) The key result in the proof is Theorem 15.21 

Fix any / G Hom^(f2gfc(q), i7gfc(p)). Using Theorem 15.21 repeatedlv. we have commutative diagrams 



2(P) 



■0, 



■ f7Pfc(p) 



S(8>A'-'Viq) 



s ® A''^' v{p) s ® A''"' v{p) ' 



2{P) 
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of graded i?- modules. They give a chain homomorphism 'K.{q)[—q\ — >■ K(p)[— p], and the map 
surjective. 

To show that (j22p is injective, assume that the following diagram is commutative. 



IS 



nlk{q) 







'5p+2(p) 



Si 



Since Sp{p) ■ Cg = 0, the map a, factors through Sp+i{p) by Theorem 15.21 Since Hom^(S' (g) /\'' V{q), S ® 
A''"^^ V{p)) = by Corollary E31 we have = 0. Repeating similar argument, we have ai — for any 
i > q. 

Using the diagram below and Theorem 15.21 we have ai — for any i < q by a similar argument. 

— . niHq) — ^s® A'"' v{q) '-^s® A'^-2 viq) 



— - n^sHp) — - s ® A""' v{p) s ® A""' v{p) 



<5p-2(p) 



Thus the map ([221) is injective. 

(2) By (1) we have only to show Homc(fjjQ(jE(^))(K(g)[— g], K(p)[— p]) = 0. Fix any chain homomor- 
phism 



S(E)V{q) 



Sliq) 



S{q) 







s ® A""'""' v{pj^-^^s ® A""' v{p) -^^'s <s> A""'"' v{p). 

Since 5p-q{p) • ao • (5i {q) = 5p^q{p) ■ 6p-q+i (p) ■ ai =0, we have 5p-q{p) • ao = by Theorem 1 5. 2 1 Thus the 
map ao factors through 5p^q+i{p) by Theorem l5.2l Since Hom^(5'((7), S*® A^~'^^ y^)) = by Corollary 
3.31 we have oq = 0. By the argument in the proof of (1), we have = for any i. □ 



i(p) 



Next we shall construct the left isomorphism in (PT|) . 

We need the following conventions: For a positive integer we put [p] :— {1,2,- •• ,p}. When we 
have an injective map a : X [p] from a subset X of [p], we extend a uniquely to an element a in the 
symmetric group &p by the rule 

• a{i) < a{i) for any i, j e [p\\a{X) satisfying i < j. 

We have a map 

q p+q p 

/\DV ^lloiM/\V,/\V) (23) 
sending f ^ fq A ■■■ A f2 A fi e A" DV to 

(W = A 1)2 A • • • A Vp+q ^ fv^ ^ Sgn(cr)/l(w^(l)) • ■ ■ fq{Va(q))Va{q+l) A ■ • ■ A V„(p+q)), 

(T:[g]-s-[p+g] 

where a runs over all injective maps cr : [g] — t- [p + , which are uniquely extended to elements in 6p+q. 
For the case p — the above map gives an isomorphism 



j\DV^D{f\V) 



(24) 
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since {yi^ A ■ ■ ■ Ayi^ | 1 < ii < • • • < < d} is mapped to the dual basis of {xi^ A • • • A | 1 < ii < 
■ ■ ■ < iq < d}. The map gives a map 



q p+q p 

kG® f\DV Hom^(S' ® f\V{p + q),S ® /\ V{p)), 

g®f {s ® V ^ gs ® g{fv)). 

For any < q < d the following lemma gives a map 

kG®f\DV^ Homc(,„od-(fl))(K(g)[-g],K) 
which is the right map in (1211) . 

Lemma 7.6. For any < q < d and a G kG ® /\'' DV , we have a morphism 



(25) 



(26) 



s^A^viq) 



S®V' 



-Si 



S 



of complexes of graded R-modules, where the vertical maps are the images of a by (|25p. 

Proof. We wiU show that {—lydpa — aSp+q. Fix any a — g ® {fq A ■ ■ ■ A fi) £ kG ® /\'' DV and 
X = s ® {vi A ■ ■ ■ A Vp+q) e S ® A^^'' V{q). 
Then Sp{a{x)) is equal to 
p 

'^i-'^Y^^ sgn(cr)g(sw^(^+£))(g)/i(w^(i)) • • • fq{v^(q)){gv„(q+i)A- • • • -Agv^f^p+g)), (27) 

a:[q]^[p+q] fcl 

where a runs over all injective maps a : [q] [p + q], which are uniquely extended to elements in 6 p+q. 
For a pair (cr, £) appearing in the sum (|27p. we define an injective map t : [q + I] ^ [p + q] hy putting 

• T{i) a{i) for any i € [q], 

• r(q + l) ■.= a{q + i). 

Since (—1)^+^ sgn(CT) — sgn(T), the element (|27|) is equal to 

Sgn(r)5(si;^(,+ l)) ® /l(w^(i)) • • • fq{Vr{q)){gVr{q+2) A ■ • • A gWr(p+g)), (28) 

T:[q+l]^[p+q] 

where t runs over all injective maps t : [q + 1] ^ [p + q], which are uniquely extended to elements in 

&p+q- 

On the other hand, a{dp+q{x)) is equal to 

p+q 

Y Y (-l)^^^sgn(cr)5(sw^) (X)/i(w,,^(i)) ■ • •/,(u,,^(g))(5W,,^(g+i) A • • • Agwt,<,(p+g_i)), (29) 

i=l a:[q]~^[p+q-l] 

where a runs over all injective maps a : [q] — > [p + q — 1], which are uniquely extended to elements in 
&p+q-i, and Li is the unique bijection Lg : [p + q — 1] ^ [p + q]\{£} which preserves the order on natural 
numbers. For a pair (i, a) appearing in the sum (1291) . we define an injective map t : [q + 1] ^ [p + q] hy 
putting 

• r(i) := Lia{i) for any i £ [g], 

• T{q + 1) -.^l. 

Since (—1)^+^ sgn(CT) = (— l)'sgn(T), the element (1^ is equal to 

Y (-l)'sgn(r)5(sW^(,+i)) ® /l(Wr(l)) • ■ ■ fq{vT(q)){gVr(q+2) A • ' ■ AgVr[p+q)), (30) 

T:[q+l]^[p+q] 
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where r runs over all injective maps t : [g + 1] — > [p + g] , whicli are uniquely extended to elements in 
&p+q- Comparing (^5)) and we have {—iy5p{a{x)) — a{5pj^q{x)). □ 

Using the previous lemma, we have the following result. 

Proposition 7.7. The map (|26p is an isomorphism for any < q < d. 

Proof. Consider the composition 

kG®/\DV^ Homc(„,od-(fl))(K(q)[-q], K) ^ Hom^(5 ® f\ V{q), S), 

where the right map is the restriction to the 0-th terms. By and Corollarv l3.3l we have isomorphisms 
Hom|(S' (g) /\'^Viq),S) ~ Hom^(S',5') ® Homfe(A'l^,fc) ~ kG ® /\'^ DV . Thus the above map is an 
isomorphism. 

Since the map Homc^j^o^jz^^-)-) (K((7)[— q], K) — >■ Hom^(r2|^^A;(q), i^sfc) is injective by Proposition 
I7.5f l). the right map is also injective. Thus we have the assertion. □ 

Now we are ready to prove Theorem 17.31 

We have desired isomorphisms (PT|) from Propositions I7.5f 1) and 17.71 By Proposition 1 7 . 5 f 2 ) . we have 
isomorphisms 

End^(C/) ~ Hom|(f7P fc(p), ~ kO ® f\ DV ^ G * E^'^'^ 

l<p,q<d l<p<q<d 

of fc-vector spaces. We have only to check compatibility with the multiplication. 
The multiplication in G * E^'^'> is given by the map 

q r q+r 

{kG (S) /\DV) {kG I® /\DV) kG®f\DV, (31) 

(<? ® (A A • • • A /i)) (5' ® (/; A • • • A /O) ^ 99' ® {fq9' A • • • A /i.g' A /; A • • • A /{)• 
We have the following compatibility result. 
Lemma 7.8. We have a commutative diagram 

{kG ® A' DV) ® {kG ® t\ DV) — ^ kG ® A'^' DV 



Hom^(5 ® A''^' V,S®^^V)® Hom^(5 ® A^'^'^' V,S® A^'^' V) ™ Hom^(5 ® A''^'^'' V,S®^P V), 
where the vertical maps are given by (1251) and the upper map is given by (1311) . 

Proof Fix a = .9 (g) (/g A • • • A /i) £ kG ® [\'' DV, = g' ® (/; A • • • A /() e kG ® /\'' DV and x = 

S «) (Wi A • • • A Vp+q+r) € S® f\P+'^+'' V. 

Since ab = gg' ® {fqg' A • • • A fig' A f^ A ■ ■ ■ A f{) e kG ® A'^^'^ DV, we have that (a6)(x) equals to 

sgn(^)g5's g) • • • 

/i:[g+r]^[p+(}+r] 

■ ■ ■ fqi9'Vf,(q+r)){g9'Vi,(^i+q+r) A • • • A ffs'^^MlP+q+r-) ) ' (^2) 

where ^ runs over all injective maps t : [q + r] — > [p + g + r], which are uniquely extended to elements in 

&q+r- 

On the other hand, a{b{x)) is equal to 

Y sgn(T)sgn(cr)g5's(8)/{(w^(i))---/;K(^)) 

T:[r]^[p+q+r] cr:[q]^[p+q] 

fl{9'vT{cr(l)+r)) ■ ■ ■ fqi9''^'T{cr{q)+r))i99'Vr{a{l+q)+r) A • • ■ A gg'Vr(a{p+q)+r)), (33) 
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where r runs over all injective maps t : [r] ^ [p + q + r], whicli are uniquely extended to elements in 
&P+q+r, and a runs over all injective maps cr : [g] — > [p + g] , which are uniquely extended to elements in 
&p+q. For a pair (t, a) appearing in the sum (j33p . we define an injective map fi : [q + r] [p + Q + by 
putting 

• fi{i) — r(i) for any i £ [r], 

• + r) — T{a{i) + r) for any i £ [q\. 

Then /i runs over all injective maps /i : [g + — s> [p + q + r]. Since sgn(/i) = sgn(T) sgn(cr), we have that 
(I33l) is equal to ([32]). Thus we have {ab){x) = a{h{x)). □ 



Now we have finished our proof of Theorem 17.31 Now Proposition 17.41 can be shown in a similar way 
to Proposition 17.21 □ 



We shall prove Theorem 11.91 Let e and e' be the idcmpotcnts of kG defined in ([T]). The following 
statements are easily checked from Proposition 17. 41 and Theorem 15. II 

(i) [e^cM = R and [e'c7]cM = e'U. 

(ii) e'U does not have a non-zero free direct summand. 

From (i), we have [/ [C/]cm = -R © e'U and End^(f7) ~ Endfl(e'!7). On the other hand, 

End^(e'C/) ~ e' End^,((7)e' ~ e'(G * E^'^~^)e' 

holds by Theorem [731 Thus it remains to show End^(e'C/) = End^(e'C/). Let Up := n^kip) for 
1 < p < d. Then e'U = 0p^i e'Up, so we have only to show P^{e'Up, e'Uq) — 0. Assume that there are 
maps 

e'Up A R{r) \ e'Uq 
with 6a 7^ for some r € Z. By Theorem 15.21 we have a commutative diagram 

e'Up ^ R{r) ^ e'Ug 




with b'a' ^ 0. Since End^^S*) ~ kG by Corollarv 13. 3[ the map a' is a split epimorphism of graded 
i?-modules, and so is a. This contradicts to (ii) above. Thus the assertion follows. □ 

7.1. Examples: Quivers of the endomorphism algebras. Throughout this subsection, we assume 
that k is an algebraically closed field of characteristic zero. In this subsection, we give more explicit 
descriptions of the endomorphism algebras End ^ (T) and End ^(?7). 

Let us start with recalling the quivers of finite dimensional algebras jARSi lASS) . 

Definition 7.9. Let A be a finite dimensional fc-algebra A and Ja the Jacobson radical of A. Let 
{eij \ I < i < n, 1 < j < ii} be a complete set of orthogonal primitive idempotents of Aq such that 
A^eij ~ Aoei'j' as A-modules if and only ii i = i' . 

The quiver Q of A is defined as follows: The vertices of Q are 1, • • • , n. We draw dai arrows from i to 
i' for dw := dimfc(ei'j' ( Ja/ J^)eij), which is independent of j and j' . 

Remark 7.10. The above definition is the opposite of |ASS) . An advantage of our convention is that the 
directions of morphisms are the same as those of arrows when we consider the quiver of an endomorphism 
algebra. 

For our cases, the following quivers defined by the representation theory of G are important. 

Definition 7.11. Let G be a finite subgroup of GLd(k). Let Vb = fc,Vi,--- ,14, be the isomorphism 
classes of simple fcG-modules. Let V :— Si be the degree 1 part of S. 
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(a) The McKay quiver Q of G |A41 IMci lY] is defined as follows: The set of vertices is {0, 1, • • • ,n}. 
For each vertex i, consider the tensor product V(S)Vi which is a /cG- module by the diagonal action 
of G. Decompose 



{dw e z>o) 



i'=0 



as an /cG- module and draw dn' arrows from i to i' . 

(b) We define the d-folded McKay quiver Q^'^^ as follows: The set of vertices is {1,2, ••• ,d} x 
{0, 1, • • • , n}. For any arrow a : i — >■ i' in Q and p £ {1, 2, • • • , d — 1}, draw an arrow a : (p, i) — >■ 

b + !,«')■ 

(c) We define the d-folded stable McKay quiver Q^'^^ by removing the vertices (p, 0) for any 1 < p < d. 

These quivers are especially simple when G is cyclic. 

Example 7.12. Let G be a cyclic subgroup of SLd(fc) generated by g = diag(C°^ , ■ " ' i C""*) for * primitive 
TO-th root C of unity. 

(a) The isomorphism classes of simple fcG- modules are Vi {i E Z/mZ), where is a one-dimensional 
fc-vector space with a basis {vi} such that gvi — Qvi. We have Vi®Vii ~ Vi+i' {i,i' G Z/ml,) 
and V ~ T4i © • • • ® Va^ as /cG-modules. 

Thus the McKay quiver Q of G has the vertices Z/mZ and the arrows Xj : i ^ i + aj for each 



i G Z/toZ and 1 < j < d. 
(b) The d-folded McKay quiver of G has the vertices Z/mZ x {1,2,. 
Xj : (p, i) ^ {p + l,i + aj) for each 1 < p < d, i G Z/mZ and 1 < j < d. 



, d} and the arrows 



(c) The d-folded stable McKay quiver Q^'*-' of G is obtained by removing all vertices in {1, 2, • • • , d} x 
{0} from Q^'^). ~ 

It is well-known that the quiver of EndflXS") ~ 5 * G is given by the McKay quiver Q of G |A31 lY] . 
Similarly we can draw easily the quivers of End^(T), End|.([/) and End ^(?7) as follows: 

Proposition 7.13. (a) The quiver ofY:,nA\{T) ~ S^'^'^ * G is Q^'^\ 

(b) The quiver o/End^(T) ~ {S^"^^ * G)/{e) is Q^'^K 

(c) The quiver o/End^(?7) ~ G * i?^'') is the opposite quiver 

Proof, (a) We have 



.fcG, 



Thus we have 
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Sd-4 
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Sd-3 


Sd-4 


Sd-5 
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Sd-2 


Sd-3 


Sd-4 
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Sd-1 


Sd-2 


Sd-3 


•■• ^2 





_ 




J — k"^ i 


^kG 


and Jg{d 


)*g/ J^d) 


*G - 


- V 



kG. 



d-l 



• kG. 



We have a complete set of orthogonal primitive idempotents of S^'^^ * G/Jg(d)^Q such that (5^'') * 
G/Jg(d)^Q)e^j ~ (5'^'^^ * G/Jg(d)^,Q)e^,y if and only if p = p' and i = i'. Thus the vertices of the quiver 
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of 5'-'*^ * G is {1, 2, • • • ,d} X {0, 1, ■ • • , n}. Let us calculate the number of arrows from (p, i) to {p', i'). 
Clearly ef,,, [Jsw^gI J'sw*G^^^i ^ implies p' — p+\. Moreover, we have 



ef,y {Jsw ^g/Jsw *g)4 - e»'j' {V ® kG)e^j ~ e^,j> {V(g}V^)~ Romko {Vv ,V ®Vi) 

Thus we draw dui arrows from (p, i) to (p + 1, i'), and we have the assertion. 

(b) Immediate from (a). 

(c) We can prove in a quite similar way to (a). 



□ 



The quiver of End^([/) is much more complicated. In the rest of this section, we give some examples. 
Let us consider the simplest case d — 2. Notice that T U holds in CM ^(R) in this case. 

Example 7.14. Let d = 2. Then Q'^-* is a disjoint union of a Dynkin quiver Q and its opposite (5°^- 
Moreover End jj.fr) ~ End jf(U) is isomorphic to the path algebra kQ^ ' . 

Proof. The first assertion is well-known [Mcj (see |A4I |Y] V Since Q^^-* does not contain a path of length 
more than one, we have the second assertion. □ 

Let us consider the case d — 3. In this case, our assumption that R is an isolated singularity implies 



that G is cyclic |KN| . We leave the proof of the following statements to the reader. 

Example 7.15. Let G be a cyclic subgroup of SL3(fc) generated by diag(^'^i , ^"^^ , ^'^^) for a primitive 
m-th root C of unity and ai, 02, 03 G Z/mZ. 

(a) Assume ai = 02 = 03. Then the quiver of End ^f?7) is given in Example 17.161 

(b) Assume a,\ = 03. Then the quiver of Endj^([/) is given by adding an arrow (ai, 1) — (— ai, 3) 
to (g(^^)°P (see Example ETT]). 

(c) Assume that ai,a2 and 03 are mutually distinct. Then the quiver of End ^f?7) is (Q'"^'')°p. 

Example 7.16. Let G be a cychc subgroup of SL3(fc) generated by diag(w,a;,a;) for a primitive third 
root bj of unity. The McKay quiver Q of G is the following: 





The quivers 

Q(3) and Q(^) with relations of End^(r) and End^(T) are the following, where the vertex 
(p, i) corresponds to the direct summand Tpi defined in ([TI 



End^(r) 




(1,1) 



(2,1 



(1,2) 



(2,2) 



(3,1) "(3,2) 



On the other hand, the quiver (Q'-^-')"^ with relations of End^(C/) is the following, where the vertex {p, i) 
corresponds to the direct summand Upi defined in (j20p . 



(1,0)^ (l,j^^l,2) 

(2, 0^^^, 1) J^(2, 2) yjvr + vrVj = 
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The quiver of End^([/) with relations is the following: 

(1,1). (1,2) 




y2y:-i 

(2,1)^3^/(2,2) 



In particular for the quiver Q := [« 



(3,1) ^(3,2). 
; •] , we have a triangle equivalence 



Cyf-jR) ~ D''(modfcQ) X D^(modA:Q) x D^(modA:g). 

Each factor corresponds to fuU subcategories CM^^+'(j^) {i e Z/3Z) of CM^(i?). 

Our R gives a non- vanishing example of {S, S*)". Let Sj :— 0j>o S^j+i for i = 0, 1, 2. For each integer 
n, set 



S'n if n = I (mod 3), 
otherwise. 



Then Sj is a graded i?-module. We have an exact sequence 

^ Sj{-'i) S^i-^f R{-lf -^Sj^i) 

by (dH). Thus we have a triangle Sj{-Z) %(-2)3 ^ Sj[-l] 5'y(-3)[1] in CM^(-R)- Applying 
Hom|(%(-2), -) and using Hom^(5, 5(-l)) = 0, we have 

Hom|(%,5Y(2)[-l]) ^ 0, hence Hom^(S', S'(2)[-l]) =^ 0. 

In particular, T — S®S{1)®S{2) is not a tilting object. Note that this does not contradict to Proposition 
since dn + (d - l)i = 3 • (-1) + 2 • 2 = 1 > 0. 



Example 7.17. Let G be a cyclic subgroup of SL3(fc) generated by diag(C,C^,C^) for a primitive fifth 
root C of unity. The McKay quiver Q of G is the following: 




The quiver Q^^^ of End^(T) is the following, where the vertex (p, i) corresponds to the direct summand 
Tpi defined in 

(1,0) 
(2,1) 
(3,2) 



(1,1) 


(1,2) 


(IJI- 


^(1,4) 












1^2)^ 


(2,3) 


(2^41, 


^(2,0) 






















^0)^ 


(3,4) 


(3,0) 


(3,1) 
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(2,1 

i 

(3,2 



(1,1) 


(1,2) 








(2,3) 










(3,3) 


(3,4) 



(1,4) 



(2,4) 



r:jXji 



(3,1) 



On the other hand, the quiver (Q*^'^^)"^ of End^(C/) is the foUowing, where the vertex {p,i) corresponds 
to the direct summand Upi defined in (I^H)) . 

(1.0) (1,1) 

I 

(2.1) -— lir2) (2,3) 

(3.2) ----l3!3r'''^(3,4) (3,0) 
The quiver of End ^(?7) with relations is the following: 

(1,1) (1,2) (1,3) 



(3,2) 




(2, 1) 2)j2Vlf (2, 3) 

4 ^,><-fNKV 4 



yjVj' + yj'yj 



8. Appendix: Algebraic triangulated categories 



In this section we give preliminaries on algebraic triangulated categories. Let us introduce the following 
basic notions. 

Definition 8.1. [Hal IHel) Let A be an abelian category and B a full subcategory of A. 

(a) We say that B is extension- closed if for any exact sequence Q-^X^Y^Z^Q with X, Z G i3, 
we have Y & B. In this case, we say that X & B \s relative-projective if F,xt\{X,B) — holds. 
Similarly we define relative- injective objects in B. 

(b) An extension closed subcategory B of an abelian category A is called Frobenius if the following 
conditions are satisfied: 

(i) An object in B is relative-projective if and only if it is relative-injective. 

(ii) For any X € B, there exist exact sequences O-fF— s-P— J-X^-O and 0— J-A-^-J^-Z^-O 
in A such that P G B is relative-projective, I E B is relative-injective and Y, Z E B. 

(c) For a Frobenius category B, we define the stable category B as follows: The objects of B are the 
same as B, and the morphism set is given by 

Homg(A, Y) := HomB(A, Y) /P{X, Y) 

for any X,Y G B, where P{X,Y) is the submodulc of Homg(A, y) consisting of morphisms 
which factor through relative-projective objects in B. 

We refer to |Ke2| for an axiomatic definition of a Frobenius category, which is slightly more general 
when B is not small. 

An important property of Frobenius categories found by Happel is the following. 
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Definition-Theorem 8.2. [Ha] |Ke2] The stable category B of a Frohenius category B has a structure of 
a triangulated category. Such a triangulated category is called algebraic. 

One of the advantages of algebraic triangulated categories is that we can realize them as homotopy 
categories: Let B be a Frobenius category, and V the full subcategory of relative-projective objects in B. 
Let C^'^(7') be the category of chain complexes over V which are obtained by gluing short exact sequences 
in B. As usual, the homotopy category K'^'^{'P) has a structure of a triangulated category. 

Proposition 8.3. We have a triangle equivalence 

Z" : K^'=(P) ^ B. 

8.1. Proof of Theorem 11.21 The tilting theorem for algebraic triangulated categories was given by 
Keller [Keli (4.3)] (see also |Krl (6.5)]), and its weakest form is Theorem 11.21 We include a proof of 
Theorem ll.2l for the convenience of the reader. 

First we need the following well-known observation. 

Lemma 8.4. Let F : T ^ T' be a triangle functor of triangulated categories and U G T an object. If 
Fu,u[n] ■ Hom7-(C/, i7[n]) liom-j-i (FU, FU[n\) is an isomorphism for any n £ Z, then F : tW\ck-j-(U) — > 
T' is fully faithful. 

Next we need a general observation on chain complexes. 

For an additive category V, we denote by C('P) (respectively, K('P)) the category (respectively, ho- 
motopy category) of chain complexes over V. For two complexes X — (• • • — > X" —>•■•) and 
Y ={ ^ y" 5 y"+i ^> • • • ) in C{V), we have a complex 

Hom{X, Y) = { > nomiX, F)" ^ nom{X, Y)"+^ ■■■) 



where 



Hom(X,y)" ]jHomp(XP,rf+") 



and the differential is given by 

d-{{r)p^z) = «+" o r - {-irr+^ o d^)pgx. 

In particular Hoin{X, X) has a structure of a differential graded (=DG) algebra. It is easy to check 

Homc(p)(X, Y) ~ Z°(noiJi{X, Y))) and HomK(p)(X, Y) ~ H°{nom{X, Y))). 

For a DG algebra A, we denote by CA (respectively, KA, DA) the category (respectively, homotopy 
category, derived category) of DG ^-modules (see [Keli IKr| ). As usual we denote the subcategory 
thickDA(^) by per A. If A is concentrated in degree 0, then per^ coincides with K'^(projv4). 

Lemma 8.5. For any complex [/=(••• [/" 4 ^ •••) G C{V), defi ne a DG algebra by 

A := ■Hom(C/, U). Then we have a triangle equivalence thickK(7[j) (?7) — )■ per A up to direct summands. 

Proof. We have a functor 

C{r) -^CA, X ^ nom{U, X). 
Since this functor sends a null-homotopic morphism of complexes over V to a nuU-homotopic morphism 
of DG A- modules, we have a triangle functor K{P) KA. Composing with the canonical functor 
KA — > DA, we have a triangle functor K{'P) DA. Since U is sent to A, this induces a triangle functor 

F : thickKCP)(?7) tW\ckDA{A) = per A. 
Since we have a commutative diagram 



F, 



HomK(p)(C/, U[n]) ' . Romo Ai A, A[n]) 
H''{A) ^^^=^^^= iJ"(A) 
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for any n S Z, the functor is a triangle equivalence up to direct summands by Lemma 18.41 Thus we 
have the desired equivalence. □ 

Finally we need the following observation on quasi-isomorphisms of DG algebras. 

Lemma 8.6. Let f : B ^ A be a quasi-isomorphism of DG algebras. Then we have a triangle equivalence 
per A per i3. 

Proof. Although this is elementary, we give a proof for the convenience of the reader. 

Since any DG A-module (respectively, morphism of DG v4-modules) can be regarded as a DG S-module 
(respectively, morphism of DG _B-modules), we have a functor QA — > QB. Since any null-homotopic 
morphism of DG A-modules is also null-homotopic as a morphism of DG B-modules, we have an induced 
functor KA — > K_B. Since any quasi-isomorphism of DG ^-modules is also a quasi-isomorphism of DG 
S-modules, we get an induced functor G : DA — >■ DB. 

Since / : i? — A is an isomorphism in D_B, we have an isomorphism /[n]^^ • / : HomDB(A, — >■ 
Homos (i?, B[n\) for any n £ Z. Since we have a commutative diagram 

RomoAiA, A[n]) -^Romo si A, A[n]) > YLoiao B{B,B[n]) 

H''{A) ^ ^^-^ i7"(B) 

the map GA,A[n] ■ Homo a{ A, A[n\) HomoBiA, A[n]) is an isomorphism for any n G Z. Thus the 
functor per A DB is fully faithful by Lemma 18.41 Since A ~ i? in DB by our assumption, we obtain a 
triangle equivalence per A — > per B up to direct summands. This is dense since we have X c:^ A (g)^ X in 
DA for any X e DB. □ 

Now we are ready to prove Theorem 11.21 

We assume that T = B for a Frobenius category B. Without loss of generality, we can assume 
r = K'^'^iV) by Proposition EH For the tilting object U e T = K'^'^iV), define a DG algebra by 
A :— 'Hom{U, U). By Lemma [8.51 we have a triangle equivalence 

r = thickr(f7) ^ perA (34) 

up to direct summands. Thus we have 

W\A) ^ KomoAiA, A[n]) ^ HomK(p)(C/, U[n]) = | ^^^^^^^ ^^0. (^5) 
Now we denote by B the DG subalgebra of A defined by 



A" n<0, 
B" := I Kerd°^ n = 0, 
n>0. 



By p5p . the natural inclusion B ^ A is a quasi-isomorphism of DG algebras, and the natural surjection 
5° — Ker c?^ H'^{A) induces a quasi-isomorphism B H'^{A) of DG algebras, where we regard H'^{A) 
as a DG algebra concentrated in degree 0. By Lemma we have triangle equivalences 

per A ^ per B ^ per " (A) . (36) 

Composing (IM)) and ([M)) . we have the desired triangle equivalence 

T ^perH°{A) = K''(proj Endr(?7)) 

up to direct summands. □ 
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